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Motivation
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• Objektbasierte Formate 
einfach: Metadaten verändern

Warum in der Ambisonics-Domäne?

• Aber: nicht immer alle Objekte einzeln verfügbar  
/ Trennung mit Artefakten?
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Ambisonics-Bus

Enkodierte Quellen

Mikrofonarray 
Aufnahmen

Transformationen

Dekoder

La
ut

sp
re

ch
er

Ko
pf

hö
re

r

• Allgemeine Transformation
✦ Rotation
✦ Warping
✦ Richtungsabhängige Lautstärke

• Punktanordnungen: t-designs

• Plug-ins
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Kugelflächenfunktionen Y m
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Chapter 2

Fundamentals: Ambisonics

2.1 Coordinate System

x

y

z

◊

Ï

Ë

Figure 2.1: Cartesian and spherical coordinate system

We define our coordinate system as following (cf. Fig. 2.1): the x-axis points to the
front, the y-axis to the left and the z-axis to the top of the listener. Within Am-
bisonics we mostly deal with spherical coordinates whereby Ï is the azimuthal angle
in mathematical positive orientation (counter-clockwise)1 and Ë being the elevation
angle with 0¶ pointing to the equator and +90¶ pointing to the north pole.

To denote the directional dependency of the surround signal represented by Ambison-
1Most user interfaces of spatialization software use a clockwise azimuth.
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Y m
n (',#) = N |m|

n P |m|
n (sin(#))

(
sin |m|', for m < 0

cos |m|', for m � 0.

<- Ambisonic Channel Numbering (ACN)
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Transformation durch Symmetrie
(Erinnerung an MS Aufnahmetechnik..)

Vorzeichennegation für Signale mit m<0  
resultiert in Spiegelung um die y-Achse
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Vektornotation

2.3.2 Vector Notation for Spherical Harmonics

Using the Ambisonic Channel Numbering from Eq. (2.5) allows us to define a sequence
for the spherical harmonics Y

m

n

(Ï, Ë) = Y

ACN

(Ï, Ë) and the expansion coe�cients
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vector with length (N + 1)2
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The angular dependency above is symbolically condensed by using the unit Cartesian
direction vector ◊ instead of (Ï, Ë). In the vector notation, an Ambisonic surround
signal as in Eq. (2.3) can be written as

f(◊, t) = yT

N

(◊) „
N

(t). (2.10)

2.3.3 Orthogonality/Orthonormality

The set of spherical harmonics used here form an orthogonal and due to the normal-
ization term(2.8) an orthonormal set of basis functions.

Therefore the integral along the surface area of the unit sphere S2 of the spherical
harmonic vector with its transposed results in the identity matrix

⁄

S2
y

N

(◊) yT

N

(◊) d◊ = I. (2.11)

2.3.4 Spherical Harmonic Transform

Similar to the Fourier transform for decomposing a time domain signal using or-
thogonal base functions into its frequency spectrum it is possible to decompose a
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Spherical Harmonic Transform
band limited function on the unit sphere f(◊) into the spherical spectrum „
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2.3.5 Discrete Spherical Harmonics Transform
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distribution of L directions

� = [✓
1

, . . . , ✓
L

]T . (2.13)

The choice of sampling points will be discussed in the following section (cf. Sec. 2.4).
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Allgemeine Transformationsvorschrift

1) Richtungen unterschiedlich gewichten

2) Richtungen neu zuweisen

„̃
˜

N

(t) = T „
N

(t). (3.1)

�N(t) T �̃Ñ(t)
...

...

Figure 3.1: Transformation of Ambisonic signals using T .

Several publications presented ways to obtain transformation matrices T for various
spatial manipulations [PZ11, ZP11, CC09, Cha09b, Son03, Zmö02]. However, those
either su�er from being limited to certain Ambisonic orders N or being restricted to
one specific spatial manipulation.

The following section describes a more general and pragmatic way to perform transfor-
mations numerically in the angular domain. Using the optimal sampling scheme from
Sec. 2.4.1 allows to obtain a transformation matrix T without significant computa-
tional complexity for currently in practice used Ambisonic orders N. With increasing
N the needed matrix multiplications get more demanding and an implementation us-
ing fast spherical harmonic transform [KKP09] might be feasible. The transformed
Ambisonic signal might be of higher order Ñ. Using smooth transformation curves
helps to keep the re-expansion order Ñ small.

3.1 Describing any Transformation in the Angular
Domain

We want to describe transformations that are using one or both of the following
manipulations:

1. weighting by a direction-dependent gain g(◊),

2. applying the angular transformation ◊̃ = T {◊}.

The direction-dependent gain allows to emphasize signals from wanted directions
and attenuate them from unwanted directions. Angular transformations change the
direction of arrival for some or all directions, therefore allow to change the spatial
perspective.

21
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A surround signal f(◊, t) weighted by the direction-dependent gain factor g(◊) and
mapped to a di�erent direction ◊̃ = T {◊} results in the modified surround signal
f̃(◊̃, t)

f̃(T {◊}, t) = g(◊) f(◊, t). (3.2)

To simplify later computations of our transformation matrix T we will use the inverse
angular transformation T ≠1{◊} and therefore get

f̃(◊, t) = g(T ≠1{◊}) f(T ≠1{◊}, t). (3.3)

We recall the Ambisonic representation of our surround signal from Eq. (2.10) and
insert f(◊, t) = yT

N

(◊) „
N

(t) into Eq. (3.3)

yT

N

(◊) „̃
N

(t) = g(T ≠1{◊}) yT

N

(T ≠1{◊}) „
N

(t). (3.4)

In order to obtain our transformed Ambisonic signal „̃
N

(t) we have to remove yT

N

(◊)
by using the orthogonality of the spherical harmonics (cf. Eq. (2.11)),

„̃
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N

(T ≠1{◊}) d◊
¸ ˚˙ ˝

:=T

„
N

(t). (3.5)

Comparing Eq. (3.5) with Eq. (3.1) gives us the expression for the transformation
matrix

T =
⁄

S2
y

N

(◊) g(T ≠1{◊}) yT

N

(T ≠1{◊}) d◊. (3.6)

We recognize Eq. (3.6) as spherical harmonics transform (SHT ) (cf. Sec. 2.3.4) over
the expression

T = SHT {g(T ≠1{◊}) yT

N

(T ≠1{◊})}. (3.7)
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The angular dependency above is symbolically condensed by using the unit Cartesian
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A surround signal f(◊, t) weighted by the direction-dependent gain factor g(◊) and
mapped to a di�erent direction ◊̃ = T {◊} results in the modified surround signal
f̃(◊̃, t)

f̃(T {◊}, t) = g(◊) f(◊, t). (3.2)

To simplify later computations of our transformation matrix T we will use the inverse
angular transformation T ≠1{◊} and therefore get

f̃(◊, t) = g(T ≠1{◊}) f(T ≠1{◊}, t). (3.3)

We recall the Ambisonic representation of our surround signal from Eq. (2.10) and
insert f(◊, t) = yT

N

(◊) „
N

(t) into Eq. (3.3)

yT

N

(◊) „̃
N

(t) = g(T ≠1{◊}) yT

N

(T ≠1{◊}) „
N

(t). (3.4)

In order to obtain our transformed Ambisonic signal „̃
N

(t) we have to remove yT

N

(◊)
by using the orthogonality of the spherical harmonics (cf. Eq. (2.11)),

„̃
N

(t) =
⁄

S2
y

N

(◊) g(T ≠1{◊}) yT

N

(T ≠1{◊}) d◊
¸ ˚˙ ˝

:=T

„
N

(t). (3.5)

Comparing Eq. (3.5) with Eq. (3.1) gives us the expression for the transformation
matrix

T =
⁄

S2
y

N

(◊) g(T ≠1{◊}) yT

N

(T ≠1{◊}) d◊. (3.6)

We recognize Eq. (3.6) as spherical harmonics transform (SHT ) (cf. Sec. 2.3.4) over
the expression

T = SHT {g(T ≠1{◊}) yT

N

(T ≠1{◊})}. (3.7)
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2.3.2 Vector Notation for Spherical Harmonics
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The angular dependency above is symbolically condensed by using the unit Cartesian
direction vector ◊ instead of (Ï, Ë). In the vector notation, an Ambisonic surround
signal as in Eq. (2.3) can be written as

f(◊, t) = yT

N

(◊) „
N

(t). (2.10)

2.3.3 Orthogonality/Orthonormality

The set of spherical harmonics used here form an orthogonal and due to the normal-
ization term(2.8) an orthonormal set of basis functions.

Therefore the integral along the surface area of the unit sphere S2 of the spherical
harmonic vector with its transposed results in the identity matrix

⁄
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(◊) d◊ = I. (2.11)

2.3.4 Spherical Harmonic Transform

Similar to the Fourier transform for decomposing a time domain signal using or-
thogonal base functions into its frequency spectrum it is possible to decompose a
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-> Erkennen SHT

und verwenden DSHT

Allgemeine Transformationsvorschrift

T = DSHT �diag{g(T �1{⇥})}YN(T �1{⇥}) 

= Y †
Ñ
(⇥) diag{g(T �1{⇥})}YN(T �1{⇥})

10

�̃N(t) = T �N(t)
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mit t-design keine Pseudoinversion notwendig

Transformationen erhöhen möglicherweise N -> Ñ

ohne inverse Abbildung müssten wir für jede Parameteränderung die 
Pseudoinverse berechnen…

Transformationsvorschrift mit t-designs

T = DSHT �diag{g(T �1{⇥})}YN(T �1{⇥}) 

= Y †
Ñ
(⇥) diag{g(T �1{⇥})}YN(T �1{⇥})

T = diag{4⇡
L
}Y T

Ñ
(⇥t) diag{g(T �1{⇥t})}YN(T �1{⇥t})

t � 2N



Räumliche Transformationen zur Veränderung von ambisonischen Aufnahmen 12

Anwendungen der allgemeinen 
Transformationsvorschrift

x

y

z

yaw Â

pitch ◊

roll „

Figure 3.3: Rotation around x, y and z-axis.

T z

r

(Â) =

Q

ccccccccccccccccccccca

1 0 0 0 0 0 0 0 0 0
0 cos Â 0 sin Â 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 ≠ sin Â 0 cos Â 0 0 0 0 0
0 0 0 0 cos 2Â 0 0 0 sin 2Â

0 0 0 0 0 cos Â 0 sin Â 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 ≠ sin Â 0 cos Â 0
0 0 0 0 ≠ sin 2Â 0 0 0 cos 2Â

0 0 0 cos 3Â

. . .

R

dddddddddddddddddddddb

.

(3.12)

Mathematically more demanding is the derivation of matrices for a rotation around
the x- and y-axis. Zotter proposed a combination of fixed 90¶ rotations around the
y-axis together with variable rotations around the z-axis. In his thesis Zotter derived
a recurrence relation for obtaining the T y

r

(90¶) matrix. Together with Eq. (3.12) this
gives us the straight forward implementation [Zot09b]

T xyz

r

(„, ◊, Â) = T z

r

(„ + 45¶) T y

r

(90¶) T z

r

(◊ + 180¶) T y

r

(90¶) T z

r

(Â + 45¶) (3.13)

For consistency and easy implementation we want to use the derivations from Sec.
3.1 to obtain T xyz

r

(„, ◊, Â) and describe the rotation in the angular domain.

25

The rotated unit Cartesian direction vector ◊̃ can be obtained with

◊̃ = T {◊} = R(„, ◊, Â) ◊, (3.14)

with the rotation matrix in R3 [Wei14b]

R(„, ◊, Â) =

Q

ca
1 0 0
0 cos „ ≠ sin „

0 sin „ cos „

R

db

¸ ˚˙ ˝
x≠axis≠rotation(roll)

·
Q

ca
cos ◊ 0 sin ◊

0 1 0
≠ sin ◊ 0 cos ◊

R

db

¸ ˚˙ ˝
y≠axis≠rotation(pitch)

·
Q

ca
cos Â ≠ sin Â 0
sin Â cos Â 0

0 0 1

R

db

¸ ˚˙ ˝
z≠axis≠rotation(yaw)

.

(3.15)

We use Eq. (3.10) with neutral directional weighting g(◊) = 1, the inverse angular
transformation T ≠1{·} = RT(„, ◊, Â) ·{} and obtain our spherical harmonics rotation
matrix as

T xyz

r

= diag{4fi

L } Y T

N

(�
t

) Y
N

(RT(„, ◊, Â) �
t

). (3.16)

Rotation does not increase the order N. Fig. 3.4 shows the sparsity of di�erent
rotation matrices.
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(c) z-axis Â = 25¶.

Figure 3.4: Sparsity of N = 4 rotation matrices for rotations around di�erent axes.

3.3 Directional Loudness Modifications

Modifying the loudness of specific directions is especially useful for post production
of microphone array recording or to adjust for specific playback situation.
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Rotation

Besetzung der Transformationsmatrix,  
Komponenten jeder SH Ordnung n werden gemischt,  

verlassen diese aber nicht!
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Figure 3.3: Rotation around x, y and z-axis.
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R
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¸ ˚˙ ˝
z≠axis≠rotation(yaw)

.

(3.15)

We use Eq. (3.10) with neutral directional weighting g(◊) = 1, the inverse angular
transformation T ≠1{·} = RT(„, ◊, Â) ·{} and obtain our spherical harmonics rotation
matrix as

T xyz

r

= diag{4fi

L } Y T

N

(�
t

) Y
N

(RT(„, ◊, Â) �
t

). (3.16)

Rotation does not increase the order N. Fig. 3.4 shows the sparsity of di�erent
rotation matrices.
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Figure 3.4: Sparsity of N = 4 rotation matrices for rotations around di�erent axes.

3.3 Directional Loudness Modifications

Modifying the loudness of specific directions is especially useful for post production
of microphone array recording or to adjust for specific playback situation.
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The rotated unit Cartesian direction vector ◊̃ can be obtained with

◊̃ = T {◊} = R(„, ◊, Â) ◊, (3.14)
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3.3 Directional Loudness Modifications

Modifying the loudness of specific directions is especially useful for post production
of microphone array recording or to adjust for specific playback situation.
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Figure 3.12: Warping towards the north pole, polar plots for di�erent source elevation
directions Ë, encoding order N = 3, Ñ = 7, – = 0.4, dashed line indicates warping without
loudness compensation.
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schwarz: Originalsignal, rot: ohne Lautstärkenkompensation  
blau: mit Lautstärkenkompensation
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(a) Without loudness compensation.
N 0.087 0.18 0.26 0.36 0.45 0.55
1 2 2 2 3 3 3
2 3 3 4 4 5 6
3 4 5 5 6 7 8
4 5 6 7 8 9 10
5 6 7 8 9 11 12

(b) With loudness compensation.
N 0.087 0.18 0.26 0.36 0.45 0.55
1 3 3 5 5 7 9
2 4 4 6 6 8 12
3 5 7 7 9 11 13
4 6 8 8 10 14 15
5 7 9 11 13 15 16

Table 3.2: Warping away from the equator, required re-expansion order Ñ for di�erent
input signal orders N and warping parameters —.
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Figure 3.16: Warping towards the equator, sparsity of T . Dashed line indicates the last
entry above -30dB. For — = ≠0.4 and N = 3 the re-expansion order Ñ = 9 has to be used
in order to avoid errors >-30dB.
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(a) Without loudness compensation.
N 5¶ 10¶ 15¶ 20¶ 25¶ 30¶

1 2 2 2 3 3 3
2 3 3 4 4 5 6
3 4 5 5 6 7 8
4 5 6 7 8 9 10
5 6 7 8 9 11 12

(b) With loudness compensation.
N 5¶ 10¶ 15¶ 20¶ 25¶ 30¶

1 2 2 3 3 4 5
2 3 4 4 5 6 7
3 4 5 6 7 8 9
4 5 6 7 9 10 12
5 7 8 9 10 12 14

Table 3.1: Warping towards a pole, required re-expansion order Ñ for di�erent input
signal orders N and warping angles Ë̃

0

= arcsin(–). (Order above which re-expansion uses
coe�cients less than -30dB.)
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Figure 3.12: Warping towards the north pole, sparsity of T . Dashed line indicates the
last entry above -30dB. For – = 0.4 and N = 3 the re-expansion order Ñ = 7 has to be used
in order to avoid errors >-30dB.
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Richtungsabhängige Lautstärkenanpassung

• Kugelkappenfunktion mit Zentrum     ,  Größe ✓c
�c
2

• Lautstärkefaktor     für Punkte innerhalb der Kappe,  

   außerhalb, neutrale Winkelabbildung

We apply the general transformation approach from Sec. 3.1, use Eq. (3.11) with
neutral angular mapping T {◊} = ◊ and search for a direction dependent gain function
g(◊) to amplify or attenuate certain regions of the surround image.

3.3.1 Spherical Caps
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Figure 3.5: Spherical cap with center ◊
C

, size “C
2

, gain g

1

inside and g

2

outside the cap.

We define a spherical cap function of size “C
2

around the center point ◊
C

(Fig. 3.5).
We use the scalar product of two Cartesian unit vectors to get the angle ”

l

between
the cap center ◊

C

and one t-design sampling point ◊l,

cos ”

l

= ◊T

C

◊l, (3.17)

and define the gain function using (3.17) as

g(◊) = u(◊T

c

◊ ≠ cos “c
2

), (3.18)

with u(·) being the unit step function. Instead of cropping the spherical cap it might
be practical to define gains for both regions within the spherical cap and outside with
g

1

and g

2

(Fig. 3.5), respectively,
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g(◊) = g

1

u(◊T

c

◊ ≠ cos “c
2

) + g

2

u(cos “c
2

≠ ◊T

c

◊). (3.19)

The sharp edges of this spatial window may introduce high re-expansion orders Ñ
depending on the position in the spherical spectrum of those edges. The result of
truncating Ñ can be seen in Fig. 3.6 and Fig. 3.7. Other more rounded functions
would help to keep the order small but will not be discussed here. Instead a di�erent
approach using spherical Slepian functions will be presented in the following section.
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Besser: Spherical Slepian Functions

3.3.2 Spherical Slepian Functions

Suppressing signal components from certain directions can also be achieved by us-
ing spherical Slepian functions. Spherical Slepian functions are linear combinations
of spherical harmonics and have so far been used for the computation of Ambisonic
decoders for hemispherical playback layouts [ZPN12], obtaining a reduced set of Am-
bisonics transmission channels [PZ09] or the interpolation of spherical measurement
data [ZP12]. Sun et al. [SS11] use a set of modified basis functions obtained by convex
optimization to suppress signals from specified directions. Obtaining such modified
basis functions is addressed in this section.

A well explored usage of spherical Slepian functions comes from the field of geodesy.
Satellite measurements from the earth often lack data from the pole regions [SF06].
Using spherical harmonics within limited regions on the sphere yields to ill-posed
inversion problems and therefore spherical Slepian functions are derived which form
an orthogonal set of basis functions within limited portions on the unit sphere.

We want to crop out a part of the surround signal by choosing a subset of the sphere
S

2 µ S2

„̃
N

(t) =
⁄

S

2
y

N

(◊) yT

N

(◊) d◊ „
N

(t). (3.20)

In contrast to the integral over the full spherical surface S2 in (2.11) the integral
⁄

S

2
y

N

(◊) yT

N

(◊) d◊ = G (3.21)

is not the identity matrix and we obtain G by using the gain function from (3.18)
and DSHT (3.10)

G =
⁄

S2
y

N

(◊) diag{g(◊)} yT

N

(◊) d◊, (3.22)

= diag{4fi

L } Y T

N

(�
t

) diag{g(�
t

)} Y
N

(�
t

).

Eigendecomposition on G yields [ZPN12]

G = U diag{[‡
i

]
1...(N+1)

2} UT

, (3.23)

where U is an orthogonal matrix of eigenvectors and ‡

i

are the corresponding eigenval-
ues. The eigenvalues indicate how much energy is concentrated in the corresponding
basis functions.
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Eigendecomposition on G yields [ZPN12]

G = U diag{[‡
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]
1...(N+1)
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, (3.23)

where U is an orthogonal matrix of eigenvectors and ‡

i

are the corresponding eigenval-
ues. The eigenvalues indicate how much energy is concentrated in the corresponding
basis functions.
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Teilmenge der Kugelfläche

We obtain our transformation matrix by selecting a subset of the eigenvectors

T = U diag{[Î
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where Î is scaling the eigenvectors. In this case we scale all eigenvectors corresponding
to eigenvalues above a fraction – of the largest eigenvalue ‡
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Fig. 3.8 shows the sparsity and polar plots for directional loudness modifications
using spherical Slepian functions. This transformation does not increase the order
N = Ñ.
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Figure 3.8: Directional loudness modification using spherical slepian functions with N =
Ñ = 5, – = 1
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= 0dB and g
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= ≠6dB, (a)-(c) spherical cap at (0¶, 0¶) and size “ = 40¶,
(d)-(f) spherical cap at (0¶, 0¶) and size “ = 135¶, (a) and (d) show the sparsity of the
transformation matrix, Ambisonic order does not increase, (b) and (e) show polar diagrams
for omni directional signal, (c) and (f) show polar diagrams for 4 signals from cardinal
directions, dashed lines indicate unmodified signals.
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Singularwertzerlegung

g(θ) - Kappenfunktion

Orthogonalität geht verloren

Ersetzen der 
Singularwerte

We obtain our transformation matrix by selecting a subset of the eigenvectors
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Fig. 3.8 shows the sparsity and polar plots for directional loudness modifications
using spherical Slepian functions. This transformation does not increase the order
N = Ñ.
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Vorteil: Ordnungen strikt begrenzt!

3.3.2 Spherical Slepian Functions

Suppressing signal components from certain directions can also be achieved by us-
ing spherical Slepian functions. Spherical Slepian functions are linear combinations
of spherical harmonics and have so far been used for the computation of Ambisonic
decoders for hemispherical playback layouts [ZPN12], obtaining a reduced set of Am-
bisonics transmission channels [PZ09], or for the interpolation of spherical measure-
ment data [ZP12]. Sun et al. [SS11] use a set of modified basis functions obtained
by convex optimization to suppress signals from specified directions. Obtaining such
modified basis functions is addressed in this section.

A well-explored usage of spherical Slepian functions comes from the field of geodesy.
Satellite measurements from the earth often lack data from the pole regions [SF06].
Using spherical harmonics within limited regions on the sphere yields to ill-posed
inversion problems and therefore spherical Slepian functions are derived which form
an orthogonal set of basis functions within limited portions on the unit sphere.

We want to crop out a part of the surround signal by choosing a subset of the sphere
S
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In contrast to the integral over the full spherical surface S2 in Eq. (2.11), the integral
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is not the identity matrix and we obtain G by using the cap function from Eq. (3.18)
and DSHT (cf. Eq. (3.10))

G =
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Singular value decomposition on G yields [ZPN12]

G = U diag{[‡
i

]
1...(N+1)

2} V T

, (3.23)

where U and V T contain the left and right singular vectors and ‡

i

are the corre-
sponding eigenvalues. The eigenvalues indicate how much energy is concentrated in
the corresponding basis functions.

32

We obtain our transformation matrix by selecting a subset of the eigenvectors

T = U diag{[Î
i

]
1...(N+1)

2} V T

, (3.24)

where Î is scaling the eigenvectors. In this case we scale all eigenvectors corresponding
to eigenvalues above a fraction – of the largest eigenvalue ‡
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> – ‡
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and all
eigenvectors with ‡
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< – ‡

1
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2

, 0 < – < 1

Î

i

= g

1

u(‡
i

≠ – ‡

1

) + g

2

u(– ‡

1

≠ ‡

i

). (3.25)

Fig. 3.9 shows the sparsity and polar plots for directional loudness modification us-
ing spherical Slepian functions. This transformation allows to freely choose the re-
expansion order Ñ Ø N without having to truncate signal energy from higher orders.
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Figure 3.9: Directional loudness modification using spherical Slepian functions with N =
Ñ = 5, – = 1
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= ≠6dB, (a)-(c) spherical cap at (0¶, 0¶) and size “ = 40¶,
(d)-(f) spherical cap at (0¶, 0¶) and size “ = 135¶, (a) and (d) show the sparsity of the
transformation matrix, Ambisonic order does not increase, (b) and (e) show polar diagrams
for omni directional signal, (c) and (f) show polar diagrams for 4 virtual sources at cardinal
directions, dashed lines indicate unmodified signals.
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3.3.2 Spherical Slepian Functions

Suppressing signal components from certain directions can also be achieved by us-
ing spherical Slepian functions. Spherical Slepian functions are linear combinations
of spherical harmonics and have so far been used for the computation of Ambisonic
decoders for hemispherical playback layouts [ZPN12], obtaining a reduced set of Am-
bisonics transmission channels [PZ09], or for the interpolation of spherical measure-
ment data [ZP12]. Sun et al. [SS11] use a set of modified basis functions obtained
by convex optimization to suppress signals from specified directions. Obtaining such
modified basis functions is addressed in this section.

A well-explored usage of spherical Slepian functions comes from the field of geodesy.
Satellite measurements from the earth often lack data from the pole regions [SF06].
Using spherical harmonics within limited regions on the sphere yields to ill-posed
inversion problems and therefore spherical Slepian functions are derived which form
an orthogonal set of basis functions within limited portions on the unit sphere.
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is not the identity matrix and we obtain G by using the cap function from Eq. (3.18)
and DSHT (cf. Eq. (3.10))
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Singular value decomposition on G yields [ZPN12]

G = U diag{[‡
i

]
1...(N+1)
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, (3.23)

where U and V T contain the left and right singular vectors and ‡

i

are the corre-
sponding eigenvalues. The eigenvalues indicate how much energy is concentrated in
the corresponding basis functions.
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Besser: Spherical Slepian Functions
N = Ñ = 5 ↵ = 0.5 g1 = 0dB, g2 = �6dB
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(f) Ñ = 8.

Figure 3.7: Directional loudness modification with spherical cap at (0¶
, 0¶), size “ = 40¶,
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= ≠6dB and di�erent re-expansion orders Ñ for omni directional signal.
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✓C = (0�, 0�)

We obtain our transformation matrix by selecting a subset of the eigenvectors

T = U diag{[Î
i

]
1...(N+1)

2} UT

, (3.24)

where Î is scaling the eigenvectors. In this case we scale all eigenvectors corresponding
to eigenvalues above a fraction – of the largest eigenvalue ‡
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> – ‡
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and all
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i

< – ‡

1

with g

2

, 0 < – < 1

Î

i

= g

1

u(‡
i

≠ – ‡

1

) + g

2

u(– ‡

1

≠ ‡

i

). (3.25)

Fig. 3.8 shows the sparsity and polar plots for directional loudness modifications
using spherical Slepian functions. This transformation does not increase the order
N = Ñ.
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transformation matrix, Ambisonic order does not increase, (b) and (e) show polar diagrams
for omni directional signal, (c) and (f) show polar diagrams for 4 signals from cardinal
directions, dashed lines indicate unmodified signals.
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We obtain our transformation matrix by selecting a subset of the eigenvectors

T = U diag{[Î
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2} V T

, (3.24)

where Î is scaling the eigenvectors. In this case we scale all eigenvectors corresponding
to eigenvalues above a fraction – of the largest eigenvalue ‡
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Fig. 3.9 shows the sparsity and polar plots for directional loudness modification us-
ing spherical Slepian functions. This transformation allows to freely choose the re-
expansion order Ñ Ø N without having to truncate signal energy from higher orders.
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(d)-(f) spherical cap at (0¶, 0¶) and size “ = 135¶, (a) and (d) show the sparsity of the
transformation matrix, Ambisonic order does not increase, (b) and (e) show polar diagrams
for omni directional signal, (c) and (f) show polar diagrams for 4 virtual sources at cardinal
directions, dashed lines indicate unmodified signals.
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Andere Transformationskurven

3.5 Other Transformation Curves

The transformation approach from Sec. 3.1 can be used to derive transformation
matrices for any directional modification on the spherical surface. The Philips Pavil-
ion (Fig. 3.17) constructed from hyperbolic paraboloids by Le Corbusier and Iannis
Xenakis served as inspiration for the following transformation using an azimuth de-
pendent warping towards a pole (cf. Fig. 3.18). For artistic purpose one can think
about many possible distortion curves.

µ = cos Ë, (3.35)
– = 0.8 sin 2„,

µ̃ = – + µ

1 + µ–

,

Ë̃ = arccos µ̃.

Figure 3.17: Philips Pavilion a the world expo 1958 in Brussels formed from hyperbolic
paraboloids, designed by Le Corbusier and Iannis Xenakis for the performance of spatialized
electronic music. [ c• wikimedia commons / Wouter Hagens]
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Azimuth abhängiges 
Warping

Philips Pavilion, Le Corbusier und Iannis Xenakis, 
Weltausstellung 1958 in Brüssel  

[wikimedia commons/Wouter Hagens]
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Andere Transformationskurven

(a) Distortion scheme, lines indicate origi-
nal elevation levels.
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Figure 3.18: Alternative angular distortion, (c) and (d) show max-re weighted [ZF12]
beams from cardinal directions with N = 5 and Ñ = 7.
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t-designs durch nichtlineare Optimierung finden

Mögliche Kostenfunktion für t-designs

2.4.2 Finding t-designs

There is no analytic approach for finding t-designs of arbitrary orders or number of
nodes. However nonlinear optimization can be used to find sampling nodes � that
fulfill (2.20). Using a suitable distribution of nodes as initial configuration and a well
behaved cost function a minimization problem can be solved and a t-design found.
It is necessary to find a good optimization criterium (cost function) ‘(�) to allow
convergence of the nonlinear solver and avoid getting stuck in local minima.

Optimization criteria

1. Condition number Ÿ. The condition number is the ratio between the largest and
smallest singular value of a matrix obtained by singular value decomposition [KL80]
and indicates the sensitivity of the system to errors. Ideally the condition number
of the spherical harmonic matrix should equal one thus allowing proper inversion.
Therefore we can formulate a cost function using the condition number as

‘

C

(�) = Ÿ( Y
N

(�) ) ≠ 1, (2.22)

whereby N Æ t

2

.

2. Frobenius norm. t-designs fulfill the property

Y T

N

(�
t

) Y
N

(�
t

) = diag{4fi

L }, (2.23)

whereby N Æ t

2

. We can measure the distance of a node configuration � from this
property using the Frobenius norm. The Frobenius norm of a matrix A is defined as
the square root of the sum of the absolute squares of its elements [Wei14a]

||A||
F

=
ı̂ıÙ

mÿ

i=1

nÿ

j=1

|a
ij

|2. (2.24)

We can formulate a cost function indicating the distance to our wanted t-design using
(2.23) and the Frobenius norm as

‘

F

(�) = ||Y T

N

(�) Y
N

(�)||
F

≠ ||diag{4fi

L }||
F

. (2.25)

3. Criterium by Sloan and Womersley. Sloan and Womersley [SW09] presented
following characterization which is zero for t-designs and suits as cost function
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In order to find a suitable optimization criterium we use a known t-design �
t

from
[HS96], add random noise with increasing standard deviation to the positions ◊

l

and
project the new Catesian vector back onto the unit sphere to get �

‹

(cf. Fig. 2.6).
The average deviation of the noisy t-design from the original �

t

is obtained by

‹̄ = 1
L

Lÿ

l=1

arccos ◊T

t ◊
‹

. (2.27)

Fig. 2.6 suggests that the criterium from Sloan & Womersley is the best choice for the
cost function ‘

SW

(�). We use the Matlab nonlinear least squares solver lsqnonlin

to minimize the cost function (2.26) and concatenate the Cartesian coordinate matrix
� into a row vector which is used as design variable. The solving algorithm may
move the Cartesian coordinates in R3. Before evaluating the cost function we have
to project � back onto the unit sphere. Setting the threshold for the cost function
|‘

SW

| allows to find a t-design within certain tolerance.

Fig. 2.7(a) shows the residual error for the first 70 of 424 total iterations. The
search for a 10-design with 90 nodes took 24 minutes and 36 seconds with tolerance
|‘

CW

| < 10≠11. The condition number of the starting configuration was 5.56, after
optimization the condition number reached Ÿ(Y (�)) = 1.000008.

Gräf and Potts [GP11] are using a highly optimized nonlinear optimization method
to find t-designs of high order and large number of nodes. They provide5 several
node configurations for spherical 50-designs with 1300 points up to 1000-designs with
1.002.000 points.

5
https://www-user.tu-chemnitz.de/~potts/workgroup/graef/computations/pointsS2
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1. Kondition von Y

2. Frobenius-Norm

3. Sloan & Womersley
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convergence of the nonlinear solver and avoid getting stuck in local minima.

Optimization criteria

1. Condition number Ÿ. The condition number is the ratio between the largest and
smallest singular value of a matrix obtained by singular value decomposition [KL80]
and indicates the sensitivity of the system to errors. Ideally the condition number
of the spherical harmonic matrix should equal one thus allowing proper inversion.
Therefore we can formulate a cost function using the condition number as

‘
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whereby N Æ t
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.

2. Frobenius norm. t-designs fulfill the property
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whereby N Æ t

2

. We can measure the distance of a node configuration � from this
property using the Frobenius norm. The Frobenius norm of a matrix A is defined as
the square root of the sum of the absolute squares of its elements [Wei14a]
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We can formulate a cost function indicating the distance to our wanted t-design using
(2.23) and the Frobenius norm as

‘

F

(�) = ||Y T

N

(�) Y
N

(�)||
F

≠ ||diag{4fi

L }||
F

. (2.25)

3. Criterium by Sloan and Womersley. Sloan and Womersley [SW09] presented
following characterization which is zero for t-designs and suits as cost function
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Figure 2.6: Starting from the known 21-design random noise is added to the node con-
figuration �

t

with stepwise increased standard deviation. For each increment the three
proposed optimization criteria are estimated. The plot shows 8 repetitions. The condition
number does not o�er a well behaved cost function ‘

C

and it is likely that nonlinear opti-
mization will yield in local minima. ‘

SW

o�ers a steeper curve near the optimum than ‘

F

and therefore seems to be the better choice.
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• Starte mit bekanntem 
t-design       [1]
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In order to find a suitable optimization criterium we use a known t-design �
t

from
[HS96], add random noise with increasing standard deviation to the positions ◊

l

and
project the new Catesian vector back onto the unit sphere to get �

‹

(cf. Fig. 2.6).
The average deviation of the noisy t-design from the original �

t

is obtained by
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‹
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Fig. 2.6 suggests that the criterium from Sloan & Womersley is the best choice for the
cost function ‘

SW

(�). We use the Matlab nonlinear least squares solver lsqnonlin

to minimize the cost function (2.26) and concatenate the Cartesian coordinate matrix
� into a row vector which is used as design variable. The solving algorithm may
move the Cartesian coordinates in R3. Before evaluating the cost function we have
to project � back onto the unit sphere. Setting the threshold for the cost function
|‘

SW

| allows to find a t-design within certain tolerance.

Fig. 2.7(a) shows the residual error for the first 70 of 424 total iterations. The
search for a 10-design with 90 nodes took 24 minutes and 36 seconds with tolerance
|‘

CW

| < 10≠11. The condition number of the starting configuration was 5.56, after
optimization the condition number reached Ÿ(Y (�)) = 1.000008.

Gräf and Potts [GP11] are using a highly optimized nonlinear optimization method
to find t-designs of high order and large number of nodes. They provide5 several
node configurations for spherical 50-designs with 1300 points up to 1000-designs with
1.002.000 points.

5
https://www-user.tu-chemnitz.de/~potts/workgroup/graef/computations/pointsS2
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• Hinzufügen von Rauschen v
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[1] R. Hardin and N. Sloane, “McLaren’s Improved Snub Cube and Other 
New Spherical Designs in Three Dimensions,” in Discrete Computational 
Geometry, vol. 15, pp. 429-441, 1996.

Mögliche Kostenfunktion für t-designs
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So finde ich t-designs…

10 20 30 40 50 60 70
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

I te ration s

N
o
r
m
a
l
i
z
e
d

r
e
s
i
d
u
a
l
e
r
r
o
r
ϵ

 

 

Frobenius norm

Condition number

Sloan & Womersley

(a) First part of the optmization process, ‘SW

was chosen as cost function, ‘C and ‘F are indi-
cated only for comparison.

−180 −135 −90 −45 0 45 90 135 180
−90

−45

0

45

90

az imuth φ in ◦

e
l
e
v
a
t
i
o
n

ϑ
i
n

◦

(b) Crosses indicate starting configuration, dots indicate the optimized node configuration.

Figure 2.7: Search for L = 90 10≠design using nonlinear optimization and a random start
configuration, |‘

CW

| < 10≠11, Ÿ(Y (�)) = 1.000008.
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• Zufällige Startkonfiguration t=10, L=90
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• Nach 24m36s…
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t-designs mit vielen Knoten?

(a) L = 240 21-design, several triangles
accommodate only one virtual loudspeaker,
therefore a larger number of virtual loud-
speaker is feasible for good interpolation.

(b) L = 5200 100-design fills all triangles with
a su�cient number of virtual loudspeakers for
interpolation.

Figure 2.5: Comparison of virtual loudspeaker distribution for computing the AllRAD
decoder for the hemispherical 43-loudspeaker installation in the ZKM Kubus. Black dots in
the corners of the triangulation indicate the real loudspeaker positions, blue stars represent
the virtual t-design loudspeakers used for VBAP interpolation. The figures have been
plotted using the Ambisonic Decoder Toolkit by Aaron Heller [HB14].
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All-Round Ambisonic Decoding 
für den ZKM-Kubus mit 43 Lautsprecher

21-design mit L = 240 100-design mit L = 5200 [1]
[1] M. Gräf and D. Potts, “On the computation of spherical designs  
by a new optimization approach based on fast spherical Fourier transforms,”  
in Numerische Mathematik Vol. 119 No. 4, p. 699-724, 2011.



Räumliche Transformationen zur Veränderung von ambisonischen Aufnahmen 26

Implementierungen als Plug-ins

• JUCE C++ Bibliothek - Plug-in Infrastruktur, GUI 

• Eigen C++ Bibliothek für lineare Algebra 

• andere Bibliotheken für Samplerate-Conversion, FFT, OSC 

• Open Source, getestet unter Windows, MacOS, (Linux) 

• Anforderung an Host: flexible Busstruktur -> Reaper/Ardour
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Transformations
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Implementierungen als Plug-ins
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Visualisierung von Ambisonics-Signalen
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t-design rms
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(pixels)Y T (⇥
t

)

Figure 4.9: Directional loudness level meter for Ambisonics. The texture displays di-
rectional rms values, the small spheres obtain their color from the directional peak value.

4.4 Loudspeaker Installations

The following section lists several loudspeaker installations where the software from
this thesis was used to produce and play back Ambisonic content. Informal listening
sessions reported stable localization in big parts of the listening area for all setups. Us-
ing the AllRAD approach [ZF12] allowed to compute decoder matrices within seconds
for di�erent Ambisonic playback orders. This collection of photos and loudspeaker
layouts should demonstrate the versatility of the Ambisonics approach within this
thesis.

55

Visualisierung der Richtungslautstärke: Pure Data Prototyp
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Headtracking Convolutions

Dekodierung für Kopfhörerwiedergabe

Optimierung durch kürzere Faltungen

Headtracking mit Arduino [1] und 3-Achsen 
Beschleunigungssensor, Gyrometer und 
Magnetometer zur Drift-Kompensation

Dekodierung auf virtuelle Lautsprecher, 
Faltung der Lautsprechersignale mit  

Binauralen Raumimpulsantworten (BRIRs)

[1] D. Frie, “open-headtracker,”  
http://code.google.com/p/open-headtracker, 2012.
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Astronomisches Observatorium der Vilnius Universität, 2013
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Mobile IEM Ambisonics Kuppel, 
EAA Symposium Berlin, 2014.
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Zusammenfassung

• Allgemeine Transformationsvorschrift für Ambisonics

• Anwendung für Rotation, richtungsabhängige 
Lautstärkeanpassungen, Warping, Kreatives…

• Vorteile mit Slepian Functions für Lautstärkeanpassungen

• Suche nach t-designs durch nichtlineare Optimierung

• Plug-in Implementierungen 

Fragen?



Matthias Kronlachner

Danke.


